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Abstract: We consider Wood anomalies in diffraction spectrum from two-dimensional dielectric
periodic grid embedded in a surrounding media. The grid is of subwavelength thickness, and
diffraction of wave having S-polarization is investigated in the vicinity of the emergence of
first diffraction maximum. We reduce Maxwell equations to coupled-mode theory with three
parameters, which are integral characteristics of material arrangement in grid. In particular, we
show that such grids are capable to have full reflectance in parametrically narrow frequency
bandwidth. The effect is accompanied by a parametric evanescent field enhancement in the
region near the grid. In particular, we consider grids with sinusoidal profile and show that this
type of grids possesses unique diffraction properties due to absence of the guided mode coupling.
For such grids, there is a thin transparency window at a background of near to zero transmission
at slightly nonnormal incidence. We estimate what are enough grid size and the incident beam
flatness to resolve the singularities.
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
1. Introduction
Wood anomalies, which stem from resonance with surface modes of guided mode resonance
grating [1], have numerous applications in optics [2]. Here we consider two-dimensional
dielectric periodic grid embedded in a surrounding media. The grid is of subwavelength
thickness, and diffraction of wave having S-polarization is investigated near the emergence of
first diffraction maximum. We show that the exact Maxwell equations can be subsequently
reduced to coupled-mode theory with three parameters, which are integral characteristics of
material arrangement in grid. In particular, we show that such a grids are capable to have a
full reflectance in parametrically narrow frequency bandwidth. The effect accompanied by a
parametric evanescent field enhancement in the region near the grid. We check our analytical
predictions by a direct solution of the Maxwell equations.
Our analytical scheme has much in common with those applied in [3, 4]. The difference is
all governing parameters are obtained directly from dielectric permittivity distribution in our
case rather than to be phenomenologically determined in [3, 4]. Besides, we consider grids with
sinusoidal profiles and show that this type of grids possesses unique diffraction properties due
to absence of guided mode coupling. We show that there is a thin transparency window at a
background of near to zero transmission at nonnormal incidence.
To resolve the mentioned singularities, one should use the grid of enough size and the beam
with the enough wavefront flatness. We make corresponding estimates. Due to the system is
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effectively two-dimensional, it is possible to check the estimations by a solution of Maxwell
equations in dipole-dipole approximation for a grid of several hundreds of the lattice periods.
2. General relations
We assume that the plate is located near surface z = 0 and has periodical structure with period
L in x-direction. Its structure is described by dielectric permittivity ε(x, z) = ε(x + L, z). The
plate is uniform in y-direction. The thickness of the plate is a, thus the dielectric permittivity
ε = εout > 0 at |z | > a/2. We consider the limit of thin plates, when the wavelength inside
the plate is small as compared to its thickness,
√
εout (ε0 + 1)ωa/c  1, where εout (ε0 + 1) is
spaced-averaged value of ε inside the plate at |z | < a/2, ω is the frequency of the light and c is
the speed of light in vacuum.
In the paper, we consider S- or TE-polarization, when the electric field of the incident
electromagnetic wave is directed along y-direction, see Fig.1a. Then the electric field has only
nonzero y-component in all space due to the dielectric permittivity does not alter in y-direction,
see Fig.1a). Let us decompose full electric field E onto incident wave Ein and scattered field
Esc , E = Ein + Esc . First we assume the simplest model case, when the incident wave is
plane wave normalized to unity, Ein = exp(−ikz cos θ + ik x sin θ), where k = √εoutω/c is the
wavenumber in surrounding media and θ is the incidence angle. Here and below the scalar fields
are y-components of the vector fields. In our case the wave equation has the form of Schrödinger
equation with source,(
(∂2x + ∂2z ) + k2 + δε · k2
)
Esc = δε · k2Ein, δε = ε/εout − 1. (1)
Consider first uniform plate, when ε = ε0 everywhere at |z | < a/2. If the plate is a dielectric
which is more optically dense than the medium, ε0 > εout , then there exists a guided mode which
is bounded in z-direction. To find the spatial structure of the mode, one should solve (1) with zero
r.h.s. Due to the plate is thin, one can replace exact permittivity distribution with approximate
δε = ε0aδ(z) (2)
The replacement can be treated as a quantum mechanical δ-potential, which mimicries the
shallow one-dimensional quantum well just if √ε0ka  1. The bounded eigen-function for this
potential is Esc = exp(−κ |z | + iqx) with κ2 = q2 − k2 and the dispersion relation
f = 0, f = 2κ/k − ε0ka. (3)
The spatial profile of Esc can be approximated as constant in z-direction. Note that εoutε0a/4pi
can be treated as surface polarizability of the plate in external uniform electric field parallel to
the plate.
We turn to periodically structured plate. In the same approximation (2) one can represent
the spatial distribution of the dielectric permittivity as (see analogous expansion [5], where the
metal-dielectric structure has finite thickness)
δε =
(
ε0 + ε1+eiΛx + ε1−e−iΛx + ε2+e2iΛx + ε2−e−2iΛx + . . .
)
aδ(z), (4)
where the inverse lattice constant Λ = 2pi/L. Dimensionless quantities εi± are generally complex.
If the material remains lossy without gain, it should be fulfilled =(ε) ≥ 0 in each point. We keep
only first and second harmonics that is sufficient as it will be shown below. Now one should solve
equation (1) with (4). It is natural to represent the scattered electric field as a discrete Fourier
series
Esc = exp(ipx)
+∞∑
l=−∞
Esc,l exp(−κl |z | + ilΛx), p = k sin θ, κl =
√
(lΛ + p)2 − k2 (5)
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Fig. 1. a) Scheme of the grid. The chosen parameters are period L = 2 µm, the cross section
of each rod is ellipse with semiaxes 0.2 µm and 0.1 µm, thus Λaε0 ≈ 0.30, Λaε1 ≈ 0.28,
Λaε2 ≈ 0.24. Dielectric permittivity of the rod material is ε = 4εout . b) Transition
coefficient |t |2 as a function of wavelength λ in the surrounding medium. Green line
corresponds to normal incidence, dots are the result of DDA with N = 500 rods. Red curve
corresponds to normal incidence, but ε1 is diminished in 3 times with the same ε0,2; dashed
line is for θ = 0.02 rad. c) The field enhancement factor is 6.5 at resonance wavelength
λ = 2.07 µm, the region thickness in z-direction is 1/κ1 ≈ 2.7 µm
Imaginary part of κl should be nonpositive. Coefficients Esc,l satisfy the series of equations
flEsc,l − ka
∑
εi,±Esc,l∓i = kaε0Ein,l + ka
∑
εi,±Ein,l∓i, (6)
and one should account that the only nonzero coefficient for the incident field is Ein,0 = 1. Note
that if κl is imaginary, then Esc,l is the scattered wave amplitude running from the plate. In
particular, r = Esc,0 is the complex amplitude of refraction and t = 1 + Esc,0 is the amplitude of
transmission.
Now we assume that the plate is thin in a sense that εi±ka  1 as well. This restriction can
be more strong for optically dense materials, if the ε variance is of the order of its mean value.
Under the assumption, the qualitative picture of Esc,l amplitude distribution is as follows. Since
the frequency is close to emergence point of ±1st diffraction maxima, typical values are f0 ≈ −2i,
f±1  1 and fl > 1 at |l | ≥ 2. This means that one can neglect all harmonics with l ≥ 2 in
the main approximation and consider only three with l = 0,±1. The corresponding coefficients
satisfy the system of equations
f0Esc,0 − kaε1−Esc,1 − kaε1+Esc,−1 = kaε0, (7)
f±1Esc,±1 − kaε1±Esc,0 − kaε2±Esc,∓1 = kaε1±. (8)
compare with full infinite system of equations [1]. Here a slab surrounded by a media from both
sides is considered, so we have deal with surface dipole susceptibility ε0a and its off-diagonal
matrix elements εi±a instead of surface impedances Zsi . The solution of the system (7,8) is for
zeroth diffraction maximum
r =
ε0F + ε1+ε1−
( f0/ka)F − ε1+ε1− , F =
f1 f−1/(ka)2 − ε2−ε2+
( f1 + f−1)/ka + (ε1−/ε1+)ε2+ + (ε1+/ε1−)ε2− (9)
and
Esc,±1 =
( f∓1/ka)ε1± + ε2±ε1∓
f1 f−1/(ka)2 − ε2−ε2+ t (10)
for ±1st diffraction maxima. Developed scheme is similar to that used in [3, 4]. The difference is
here we find explicitly the coefficients εi± from the space distribution ε(x).
3. Results
For the calculations with the finite grids we used the Discrete Dipoles Approximation (DDA)
method. Originally, it was used in astrophysics to study interstellar dust [6, 7] and since that this
technique is being used for a long time to study light scattering and near field distribution in
nanophotonics. A comprehensive review and classification was done in [8], while the details of
derivation and application of DDA in 2D case can be found in [9, 10]. For the periodic system,
DDA method was used in the recent study of the Wood-Rayleigh anomalies [11].
Fig. 2. Fine structure of the transmission-reflection curves. a) Pure sinusoidal grating
with Λaε0 ≈ 0.59, Λaε1 ≈ 0.56, ε2 = 0, the transparency window at θ = 0.003. b) The
second blue-shifted resonance for grid with Λaε0 ≈ 0.3, Λaε1 ≈ 0.28, ε2 = 0.15, at angle
θ = 10−3.
Now we consider plate which is made of transparent dielectric. First suppose that the grating
is pure sinusoidal, such that εi,± = 0 for i ≥ 2. Such a grid which is thick slab was considered in
e.g. [12] and can be fabricated with interferometric lithography methods [13]. Then one can
choose the onset of x-axis in that way so ε1+ = ε1− ≡ ε1 is real, that is ε(−x) = ε(x). We arrive
to brief equation ka/F = 1/ f1 + 1/ f−1 for F in (9) and
t =
(
1 − (iε21/2)
(
f −11 + f
−1
−1
) )−1
, Esc,±1 =
kaε1
f±1
t . (11)
Transition amplitude has a drop to zero when resonance (3) is achieved in l = 1 or l = −1
harmonics [14]. In the case of normal wave incidence θ = 0 the points coincide being determined
by f1 = 0. They are redshifted from the point of appearance of ±1st diffraction maxima, its
position can be evaluated as k1 |θ=0 = Λ(1 − (kaε0)2/8) if kaε0  1. The thickness of the drop
as a function of frequency is δk1 ∼ Λ(ka)3ε0ε21 , its dependence on ε1 is demonstrated in Fig. 1b.
When the incidence is not normal, then the drop is split on two drops which are located at
k±1(θ) = k1 |θ=0 ∓ Λθ. The drops correspond to zeros of F (9) and thus to refraction amplitude
r = −1. The drops are separated by a peak up to unity at arbitrary small angle θ, the thickness of
the transparency window is ∼ Λθ, see Fig. 2a). The peak is determined by the condition that
the phases of Esc,±1 are opposite that is provided by f1 = − f−1. Its nature is analogous to that
of electromagnetically induced transparency, see review [15]. In real world, the peak should
be smoothed due to grid imperfections, its finite size and deviations of the incident wave from
ideally plane wave.
Now consider grid with nonzero ε2±. The case corresponds to any composite grid made
of alternating materials with different optical properties. We restrict our consideration to the
simplest case of symmetric grid ε(−x) = ε(x), then ε2− = ε2+ ≡ ε2, which is assumed to
be of the order of ε0. In the case of normal wave incidence one arrives to (11) at θ = 0
with replacement f1 → 2κ1/k − ka(ε0 + ε2). This shifts the position of zero point k1 |θ=0 of
transmission amplitude t, δk1 |θ=0 = Λ(1 − (ka(ε0 + ε2))2/8) and correspondingly the thickness
of the drop δk1. The independence of the zero point on ε1 is demonstrated in Fig. 1b. Note
that the near field is parametrically large when t = 0 due to Esc,±1 = −i(ε1 + ε2)/(2Λaε21) at
corresponding frequency, see Fig.1c) and [16]. Thus, the electric field is enhanced near the grid
in 2|Esc,1 | times. The thickness in z-direction of the region where the field achieves its maximum
value is 1/κ1 = L2/(2pi2aε0), so the region extends far beyond the grid. The difference increases
for nonzero θ. The main drop slightly redshifts, k1 − k1 |θ=0 ∼ −Λθ2/(kaε2)2 at small angles
θ . (kaε2)2. At these angles, the drop can be interpreted as a Fano resonance between low
quality mode l = 0 and high quality symmetric mode combination Esc,1 + Esc,−1. If angle θ is
greater, then the shift is −Λθ as before, and now the resonance mode is just Esc,1. The second
drop appears at δk−1 |θ=0 = Λ(1 − (ka(ε0 − ε2))2/8) for small angles and it is no more down to
zero when |θ | > (ka)2(ε20 − ε22)/(16ε20). The form of the drop corresponds to Fano resonance
with anti-symmetric mode Esc,1 − Esc,−1. For the small angles, the thickness of the resonance is
of the order of Λθ2/((ka)2(ε0 − ε2)ε2) .
4. Discussion
Field enhancement at the interface of slab grid is show to be possible to utilize for biosensing [17].
Here we show that the field enhancement can be increased via diminishing of coupling of the
guided modes with the incident wave, in our term this is ε1. The fee for the field enhancement
is the narrowing of the resonance in frequency and angle domains. Thus diminishing ε1, one
should use beam with less spectral width and of more flatness and a grid of larger size.
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